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a b s t r a c t
In this work we study four (3 + 1)-dimensional nonlinear evolution equations, generated
by the Jaulent–Miodek hierarchy. We derive multiple soliton solutions for each equation
by using the Hereman–Nuseir form, a simplified form of the Hirota’s method. The obtained
soliton solutions are characterized by distinct phase shifts.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Various physical phenomena in physics, engineering, mechanics, biology and chemistry aremodeled by nonlinear partial
differential equations. Nonlinear wave equations involve one or more of dispersion, dissipation, diffusion, reaction and
convection. The study of exact solutions of these equations plays a major role in the study of the propagation of waves.
The balance between nonlinearity and linear dispersion generates solitons. However, the balance between nonlinearity and
genuinely nonlinear dispersion gives rise to the so-called compactons: solitons free of exponential wings. Other phenomena
arise in solitary waves theory that researchers aim to study to highlight the structures of the obtained waves solutions.
In [1–3], four (2+ 1)-dimensional nonlinear models generated by the Jaulent–Miodek hierarchy were developed in the
form
wt = −(wxx − 2w3)x − 32 (wx∂
−1
x wy + wwy),
wt = 12 (wxx − 2w
3)x + 32

−1
4
∂−1x wyy + wwy

,
wt = −14 (wxx − 2w
3)x − 34

1
4
∂−1x wyy + wx∂−1x wy

,
wt = 2(wxx − 2w3)x − 34 (∂
−1
x wyy − 2wx∂−1x wy − 6wwy),
(1)
where ∂−1x is the inverse of ∂x with ∂x∂−1x = ∂−1x ∂x = 1, and
(∂−1x f )(x) =
 x
−∞
f (t)dt, (2)
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under the decaying condition at infinity. The four models were examined in [1–3] by using powerful techniques, such as
the perturbation technique, Wronskian form, and the simplified Hirota’s method established by Hereman and Nuseir [4]. In
these works N soliton solutions were derived for each model.
In this work, we will extend the works in [1–3] and examine four (3 + 1)-dimensional nonlinear models generated by
the Jaulent–Miodek hierarchy. The (3+ 1)-dimensional models are developed in the form
wt = −(wxx − 2w3)x − 32 (wx∂
−1
x wy + wwy)+ α∂−1x wzz,
wt = 12 (wxx − 2w
3)x + 32

−1
4
∂−1x wyy + wwy

+ α∂−1x wzz,
wt = −14 (wxx − 2w
3)x − 34

1
4
∂−1x wyy + wx∂−1x wy

+ α∂−1x wzz,
wt = 2(wxx − 2w3)x − 34 (∂
−1
x wyy − 2wx∂−1x wy − 6wwy)−
3
4
∂−1x wzz −
1
4
wz − 12wy,
(3)
where α is a constant. It is obvious that these (3+ 1)-dimensional nonlinear models (3) are developed by adding α∂−1x wzz
to the first three models in (1), and the terms− 34∂−1x wzz − 14wz − 12wy to the last model in (1).
Many powerful methods [5–13] are used in solitary waves theory to examine N soliton solutions for nonlinear evolution
equations. The algebraic–geometric method, the inverse scattering method, the Bäcklund transformation method, the
Painleve analysis, the Darboux transformation method, the Hirota bilinear method [5], and other methods are used to
make progress in this field. The Hirota’s bilinear method is rather heuristic and possesses significant features that make
it practical for the determination of multiple soliton solutions [3–11] for a wide class of nonlinear evolution equations in a
directmethod. Hereman andNuseir [4] developed a simplified formof the bilinearmethod that facilitates the computational
work, where bilinear forms are not used by using this approach.
In [14],Ma et al. developed amultiple exp-functionmethod to handle the (3+1)-dimensional equation. This newly direct
algorithm developed in 2010was intended to construct multiple wave solutions to nonlinear equations and its applications.
One-wave, two-wave, and three-wave solutions were defined as the ratio of exponential functions. The approach is
generalized if compared to Hirota’s direct method. The work in [14] was applied to the potential YuTodaSasaFukuyama
(YTSF) equation, to illustrate the power of the established algorithm. Two kinds of two-wave solutions and three-wave
solutions were obtained for the YTSF equation.
However, in [15], the (3 + 1)-dimensional generalized B-type Kadomtsev–Petviashvili equation and its modified
counterpart were investigated. A Pfaffian formulation for this equation was built where the Pfaffian identities were used
in the construction. New exact solutions in the Grammian form for these equations were formally derived. In addition, new
classes of wave, rational, and Grammian solutions were constructed. For more details about these systematic approaches,
the reader is advised to read [13–15].
Our aim in this work is two fold. We aim first to derive multiple soliton solutions for the (3 + 1)-dimensional models
(3). We will concern ourselves only for the first and the fourth models. However, the solutions for the second and the third
models are the same as the solutions of the first one. We aim secondly to show that the Hereman–Nuseir method facilitates
the derivation work where results can be obtained without using the bilinear forms established by Hirota [5].
2. Multiple soliton solutions for the first model
In this section we apply the simplified method of Hereman–Nuseir [4] to the (3+ 1)-dimensional nonlinear equation
wt = −(wxx − 2w3)x − 32 (wx∂
−1
x wy + wwy)− α∂−1x wzz . (4)
To remove the integral term in (4) we use the potential
w(x, y, z, t) = ux(x, y, z, t), (5)
to carry (4) to the equation
uxt + uxxxx − 6u2xuxx +
3
2
uxxuy + 32uxuxy − αuzz = 0. (6)
The simplified Hereman–Nuseir form admits the substitution of
u(x, y, z, t) = eθi , θi = kix+ riy+ siz − cit, (7)
into the linear terms of (6), and solving the resulting equation for ci we obtain the dispersion relation
ci = k
4
i − αs2i
ki
, i = 1, 2, . . . ,N, (8)
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and hence the phase variable θi becomes
θi = kix+ riy+ siz −

k4i − αs2i
ki

t. (9)
We next substitute
u(x, y, z, t) = R ln f (x, y, z, t), (10)
where the auxiliary function f (x, y, z, t) is given by
f (x, y, z, t) = 1+ e
k1x+r1y+s1z−

k41−αs21
k1

t
, (11)
into Eq. (6) and solve to find that
R = 1,
r1 = 2k21,
s1 = k1,
(12)
and this in turn can be generalized to
R = 1,
ri = 2k2i ,
si = ki.
(13)
This is a necessary condition for the soliton solutions to exist. This also means that the dispersion relation (8) becomes
ci = k3i − αki, (14)
and Eq. (9) reads
θi = kix+ 2k2i y+ kiz − (k3i − αki) t. (15)
This means that
u(x, y, z, t) = ln

1+ ek1x+2k21y+k1z−(k31−αk1) t

. (16)
Using the potential (5) for the (3+ 1)-dimensional nonlinear evolution equation (4), the single soliton solution is given by
w(x, y, z, t) = k1e
k1x+2k21y+k1z−(k31−αk1) t
1+ ek1x+2k21y+k1z−(k31−αk1) t
. (17)
For the two soliton solutions, we use the auxiliary function
f (x, y, z, t) = 1+ ek1x+2k21y+k1z−(k31−αk1) t + ek2x+2k22y+k2z−(k32−αk2) t , (18)
and consequently
u(x, y, z, t) = ln

1+ ek1x+2k21y+k1z−(k31−αk1) t + ek2x+2k22y+k2z−(k32−αk2) t

. (19)
To determine the two soliton solutions explicitly, we substitute (19) into the potential defined above in (5) to get
w(x, y, z, t) = k1e
k1x+2k21y+k1x−(k31−αk1) t + k2ek2x+2k22y+k2z−(k32−αk2) t
1+ ek1x+2k21y+k1x−(k31−αk1) t + ek1x+2k22y+k2z−(k32−αk2) t
. (20)
To determine the three soliton solutions we use the auxiliary function
f (x, y, z, t) = 1+ ek1x+2k21y+k1z−(k31−αk1) t + ek2x+2k22y+k2z−(k32−αk2) t + ek3x+2k23y+k3z−(k33−αk3) t . (21)
This in turn gives
u(x, y, z, t) = ln

1+ ek1x+2k21y+k1z−(k31−αk1) t + ek2x+2k22y+k2z−(k32−αk2) t + ek3x+2k23y+k3z−(k33−αk3) t

, (22)
and by using the potentialw(x, y, z, t) = ux(x, y, t)we obtain the three soliton solutions
w(x, y, z, t) = k1e
k1x+2k21y+k1x−(k31−αk1) t + k2ek2x+2k22y+k2z−(k32−αk2) t + k3ek3x+2k23y+k3z−(k33−αk3) t
1+ ek1x+2k21y+k1x−(k31−αk1) t + ek1x+2k22y+k2z−(k32−αk2) t + ek3x+2k23y+k3z−(k33−αk3) t
. (23)
This shows that the three soliton solutions for the first (3+ 1)-dimensional model exist, and hence this equation generates
multiple soliton solutions for finite N , where N ≥ 1.
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3. Multiple soliton solutions for the fourth model
In this section we will examine the fourth (3+ 1)-dimensional nonlinear equation
wt = 2(wxx − 2w3)x − 34 (∂
−1
x wyy − 2wx∂−1x wy − 6wwy)−
3
4
∂−1x wzz −
1
4
wz − 12wy. (24)
We first use the potential
w(x, y, z, t) = ux(x, y, z, t), (25)
to carry (24) to the equation
uxt − 2uxxxx + 12u2xuxx +
3
4
uyy − 32uxxuy −
9
2
uxuxy + 34uzz +
1
4
uxz + 12uxy = 0. (26)
Proceeding as before we set
u(x, y, z, t) = eθi , θi = kix+ riy+ siz − cit, (27)
into the linear terms of (26), and solving the resulting equation for ci we obtain the dispersion relation
ci =
3
j=1
kji, i = 1, 2, . . . ,N, (28)
and hence the phase variable θi becomes
θi = kix+ riy+ siz −

3
j=1
kji

t, i = 1, 2, . . . ,N. (29)
We next substitute
u(x, y, z, t) = R ln f (x, y, z, t), (30)
where the auxiliary function f (x, y, z, t) is given by
f (x, y, z, t) = 1+ ek1x+r1y+s1z−
3
j=1 k
j
1

t
, (31)
into Eq. (26) and solve to find that
R = 1,
r1 = 2k21,
s1 = k1,
(32)
and this in turn can be generalized to
R = 1,
ri = 2k2i ,
si = ki.
(33)
This is a necessary condition for the soliton solutions to exist. This also means that the dispersion relation (28) becomes
ci =

3
j=1
kji

, i = 1, 2, . . . ,N, (34)
and Eq. (29) reads
θi = kix+ 2k2i y+ kiz −

3
j=1
kji

t. (35)
This means that
u(x, y, z, t) = ln

1+ ek1x+2k21y+k1z−
3
j=1 k
j
1

t

. (36)
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Using the potential (5) for the (3+ 1)-dimensional nonlinear evolution Eq. (24), the single soliton solution is given by
w(x, y, z, t) = k1e
k1x+2k21y+k1z−
3
j=1 k
j
1

t
1+ ek1x+2k21y+k1z−
3
j=1 k
j
1

t
, (37)
obtained upon using the potential defined in (5).
For the two soliton solutions, we use the auxiliary function
f (x, y, z, t) = 1+ ek1x+2k21y+k1z−
3
j=1 k
j
1

t + ek2x+2k22y+k2z−
3
j=1 k
j
2

t
, (38)
and consequently
u(x, y, z, t) = ln

1+ ek1x+2k21y+k1z−
3
j=1 k
j
1

t + ek2x+2k22y+k2z−
3
j=1 k
j
2

t

. (39)
To determine the two soliton solutions explicitly, we substitute (39) into the potential defined above in (25) to get
w(x, y, z, t) = k1e
k1x+2k21y+k1x−
3
j=1 k
j
1

t + k2ek2x+2k
2
2y+k2z−
3
j=1 k
j
2

t
1+ ek1x+2k21y+k1x−
3
j=1 k
j
1

t + ek1x+2k22y+k2z−
3
j=1 k
j
2

t
. (40)
To determine the three soliton solutions we use the auxiliary function
f (x, y, z, t) = 1+ ek1x+2k21y+k1z−
3
j=1 k
j
1

t + ek2x+2k22y+k2z−
3
j=1 k
j
2

t + ek3x+2k23y+k3z−
3
j=1 k
j
3

t
. (41)
This in turn gives
u(x, y, z, t) = ln

1+ ek1x+2k21y+k1z−
3
j=1 k
j
1

t + ek2x+2k22y+k2z−
3
j=1 k
j
2

t + ek3x+2k23y+k3z−
3
j=1 k
j
3

t

, (42)
and by using the potentialw(x, y, z, t) = ux(x, y, t)we obtain the three soliton solutions
w(x, y, z, t) = k1e
k1x+2k21y+k1x−
3
j=1 k
j
1

t + k2ek2x+2k
2
2y+k2z−
3
j=1 k
j
2

t + k3ek3x+2k
2
3y+k3z−
3
j=1 k
j
3

t
1+ ek1x+2k21y+k1x−
3
j=1 k
j
1

t + ek1x+2k22y+k2z−
3
j=1 k
j
2

t + ek3x+2k23y+k3z−
3
j=1 k
j
3

t
. (43)
This shows that the three soliton solutions for the fourth (3+ 1)-dimensional nonlinear equation (24) exist, and hence this
equation generates multiple soliton solutions for finite N , where N ≥ 1.
4. Discussion
In this work we examined (3 + 1)-dimensional nonlinear models generated by the Jaulent–Miodek hierarchy. The four
models were obtained by adding specific terms to each (2+1)-dimensional model. Multiple soliton solutions were formally
derived for each equation. The Hereman–Nuseir form, a simplified form of Hirota’s direct method was used to achieve the
goal set for this work.
It was stated earlier that a variety of systematic approaches were recently applied in [14,15]. The multiple exp-function
method, the Wronskian determinant, and the Pfaffian solutions were used to handle the (3+ 1)-dimensional Jimbo–Miwa
equation, and the (3 + 1)-dimensional generalized B-type Kadomtsev–Petviashvili equation. The last aforementioned
algorithms are useful for many scientific applications in solitary wave theory.
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